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Abstract
We prove analytically the existence of an infinite number of internal (shape) modes
of sine-Gordon solitons in the presence of some inhomogeneous long-range forces,
provided some conditions are satisfied.
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1 Introduction
Solitary waves play a crucial role in many physical phenomena [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57].
Recently there has been much discussion about the existence of internal (shape)
modes of solitary waves [10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,42,43,44,45],
and several novel physical effects have been discovered in nonintegrable models
possessing internal (shape) modes [28,29,30,31,32,33,34,35,36,37,38,39,40,41,42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57].
The sine-Gordon equation, which is an integrable partial differential equation
that does not have internal (shape) modes, is one of the paradigms in soliton
theory. This is a fundamental model in many areas of physics. For instance,
it describes dislocations in crystals and fluxons in long Josephson junctions,
just to mention two examples [6,7,8,9].
Integrable models describe real physical systems only with certain approxima-
tion [14]. So it is very important to study the sine-Gordon equation in the pres-
ence of perturbations. Many papers have been dedicated to the study of peri-
odic time-dependent perturbations in the sine-Gordon model [15,16,17,18,19,20,21,22].
The possible observation of a “quasimode” in this model has been debated in-
tensively in literature [15,16,17,18,19,20,21,22,23,24,25,26,27]. Some of these
works [22,27] affirm that the mentioned “quasimode” is a numerical artifact.
In Ref. [23], the authors have shown the existence of an internal (shape) mode
of the sine-Gordon kink when it is in the presence of inhomogeneous space-
dependent external forces, provided that these forces possess some particular
properties.
In the present letter we will investigate the inhomogeneous sine-Gordon equa-
tion
φtt − φxx + sin φ = F (x), (1)
where the external perturbation F (x) decays as a power-law.
We will prove the existence of an infinite number of shape modes of sine-
Gordon kinks in the presence of some long-range forces.
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The paper is organized as follows. In Section 2, we introduce some important
concepts for the understanding of the paper. In Section 3, we discuss the sine-
Gordon equation perturbed by an exponentially-decaying force. In Section 4,
we analyze the behavior of the kink in the presence of perturbations with
a power-law decay. Finally, in Section 5, we present the conclusions of our
analysis.
2 Internal (shape) modes
Before discussing the new results, we would like to clarify some important
concepts.
Consider the general equation
φtt − φxx +G(φ) = F (x). (2)
Suppose this equation supports a kink solution φk(x) [10,11,12,14,15,28,58,59,60,61,62].
To investigate the stability of the kink [10,11,12,14,15,28,58,59,60,61,62], we
look for solutions in the form φ(x, t) = φk(x)+f(x)e
λt. The perturbation f(x)
must satisfy a Schro¨dinger-like equation
[−∂xx + U(x)] f(x) = Γf(x), (3)
where U(x) = ∂G (φk(x)) /∂φ, Γ = −λ2.
In general, Eq. (3) has a discrete spectrum and a continuous spectrum [10,11,12,14,15,28,58,59,60,61,62].
The soliton modes are described by the eigenfunctions corresponding to the
discrete spectrum [31]. On the other hand, the eigenfunctions corresponding to
the continuous spectrum are generally called the phonon modes [10,11,12,14,15,28,58,59,60,61,62].
So the bound states of Eq. (3) are the soliton modes.
The soliton modes and the phonon modes determine the form of the oscilla-
tions around the kink solution.
Let us discuss the φ4 equation as an example:
φtt − φxx − φ+ φ3 = 0. (4)
The static kink solution is φk(x) = tanh(x/
√
2).
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The equation for f(x) is
−∂xxf(x) +
[
2− 3sech2(x/
√
2)
]
f(x) = Γf(x). (5)
The eigenvalues and eigenfunctions are given by the well-known expressions:
for Γ0 = 0 we get f0 (x) = sech
2(x/
√
2), for Γ1 = 3/2 we obtain f1 (x) =
tanh(x/
√
2)sech(x/
√
2), and Γk = 2 + k
2 correspond to the continuum spec-
trum. These are the (unnormalized) wave functions.
These solutions correspond to the translation mode (f0 (x)), the internal (shape)
mode (f1 (x)), and the continuum phonons scattered by the kink [10,11,12,14,15,28,58,59,60,61,62].
In this case, the translation mode and the internal (shape) mode are the soliton
modes.
The internal (shape) mode is responsible mostly for the vibrations of the kink
width. The internal (shape) mode, with frequency ω =
√
Γ =
√
3/2, represents
a localized deformation around the kink and describes oscillations of the kink
shape. This mode has been used to explain the complex resonance phenomena
that occur during kink-antikink collisions [10,11,12,14,15,28,58,59,60,61,62].
We should remark that there are systems with several internal (shape) modes
[11,23,28,63].
The continuum corresponds physically to dispersive travelling waves that prop-
agate to spatial infinity [11].
Another very important example is the pure sine-Gordon equation
φtt − φxx + sin φ = 0. (6)
Various solutions are known [10,11,12,14,15,28,58,59,60,61,62]. For instance,
the static kink is
φk(x) = 4 arctan [exp (x)] . (7)
In order to study the oscillation modes around the kink, we look for solutions
in the form φ(x, t) = φk(x) + f(x)e
λt, where f(x) satisfies the equation
−∂xxf(x) +
(
1− 2sech2(x)
)
f(x) = Γf(x). (8)
Eq. (8) has exactly only one bound eigenstate with Γ = 0 and
f0(x) = sech(x). (9)
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The zero-frequency bound state is the Goldstone [58] mode (also called the
translation mode). The remaining eigenfunctions form a continuum with Γk =
1+k2. There are no internal (shape) modes in this case, there is only one soliton
mode.
The birth of new internal (shape) modes have been discussed in several papers
[14,23,28,63]. An appropriate perturbation can create a soliton internal (shape)
mode [10,11,12,14,15,28,58,59,60,61,62].
The existence of several internal (shape) modes in the perturbed φ4 equation
is studied in Ref. [28] and the creation of several internal (shape) modes in
the perturbed sine-Gordon equation is studied in Refs. [23,63]. The birth of
an internal (shape) mode in the double sine-Gordon equation is presented in
Ref. [14].
These phenomena can occur only when a new eigenvalue of the discrete spec-
trum is created [14].
3 Exponentially-decaying perturbation
The model
φtt − φxx + sin φ = F1(x), (10)
where F1(x) = 2(B
2 − 1) sinh(Bx)/ cosh2(Bx), was introduced in Ref. [23].
We recall here briefly the results presented in that work.
This force creates an equilibrium position for the center of mass of the kink.
The equilibrated kink solution is φk = 4 arctan [exp (Bx)]. The stability in-
vestigation of this solution
[
φ(x, t) = φk(x) + f(x)e
λt
]
can be expressed as
the eigenvalue problem L̂f = Γf , where L̂ = −∂2x +
(
1− 2 cosh−2(Bx)
)
and
Γ = −λ2. This eigenvalue problem can be solved exactly [23,28,64]. The eigen-
values of the discrete spectrum can be calculated
Γn = B
2
(
Λ + 2Λn− n2
)
− 1, (11)
where Λ = −1
2
+
√
1
4
+ 2
B2
[23,28,64]. The smallest value of n is zero. The
largest value of n is nmax = [Λ] − 1, where [Λ] is the integer part of Λ. The
number of discrete eigenvalues is equal to the integer part of Λ.
If 1/3 < B2 ≤ 1, the integer part of Λ is one ([Λ] = 1). So there is only one
soliton mode. In the case B2 = 1, the Eq. 10 possesses translational invariance,
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and this state is called translational mode.
If 1/6 < B2 ≤ 1/3, then [Λ] = 2. So a new internal (shape) mode is created. If
we continue decreasing parameter B, new eigenvalues of the discrete spectrum
are created. All the new modes are internal (shape) modes.
4 Perturbation with a power-law decay
Consider now the completely new model
φtt − φxx + sin φ = F2(x), (12)
where F2(x) = 2B [(2B
2 − 1)x−B2x3] / (1 +B2x2)2.
Depending on parameter B, the perturbation F2(x) can have one or three
zeroes.
For (2B2 − 1) > 0, the function F2(x) has three zeroes. Otherwise, the only
zero is x = 0.
We can find an exact solution for the stationary kink whose center of mass is
at point x = 0:
φk = 2 arctan(Bx) + pi. (13)
As ∂φk/∂x = 2B/
[
1 + (Bx)2
]
, it is easy to see that for large values of |x| the
solution behaves as a power law. For instance, as x→∞, (φk − 2pi) ∼ 1/x.
Compare this with the kink solution of Eq. (10) that possesses an exponential
asymptotic behavior (φk − 2pi) ∼ e−Bx. Note that parameter B determines
how fast the solution approaches the value 2pi for large values of x. On the
other hand, for B → 0, the integer part of Λ ([Λ]) (which gives the number
of soliton modes) behaves as [Λ] ∼ 1/B. Thus the asymptotic behavior of the
kink solution is related to the number of internal (shape) modes.
The stability analysis of solution (13) leads to the following eigenvalue problem
L̂f = Γf, (14)
where L̂ = −∂xx +W (x), W (x) = 1− 2/ (1 +B2x2).
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Note that this is a Schro¨dinger-like equation (compare Eq. (14) with the one-
dimensional time-independent Schro¨dinger equation, − ~2
2m
∂2ψ
∂x2
+V (x)ψ = Eψ).
As discussed above, the bound states correspond to the soliton modes.
Let us re-write the Eq. (14) in the following form
M̂f = ∆f, (15)
where M̂ = −∂xx + V (x), V (x) = −2/(1 +B2x2), and ∆ = Γ− 1.
This will allow us to apply directly some important theorems [65].
Using results from Ref. [65] we will reformulate here a theorem in a way that
will be useful for our study of Eq. (15).
Define the Schro¨dinger equation −∂xxf +V (x)f = ∆f and suppose that V (x)
is bounded from below, and that V (x)→ 0 as |x| → ∞.
The number of bound states is infinite if there exists an x∗ > 0 such that
x2V (x) < −1/4, (16)
both for x > x∗ and for x < −x∗.
On the other hand, if there is an x∗ > 0 such that x
2V (x) > −1/4 for |x| > |x∗|,
then, the number of bound states is finite.
Let us apply this theorem to our Eq. (15).
We choose x∗ =
√
1/(8− B2), where B2 < 8.
As −2x2/(1+B2x2) < −1/4 for x > x∗ and for x < −x∗, then we have proved
that we can find an x∗ such that V (x) = −2/(1+B2x2) satisfies the conditions
(16).
For B2 > 8, the number of bound states is always finite.
The remarkable result is that if B2 < 8, then the perturbed sine-Gordon equa-
tion (12) can possess an arbitrarily large number of internal (shape) modes!
5 Conclusions
We have investigated the inhomogeneous sine-Gordon equation given by Eq.
(1).
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We have found exact kink solutions to the perturbed sine-Gordon equation,
and we have been able to study analytically the kink stability problem.
Our conclusion is that a kink equilibrated by an exponentially-localized per-
turbation has a finite number of oscillation modes, whereas a sufficiently
broad equilibrating perturbation supports an infinite number of soliton in-
ternal (shape) modes. This phenomenon is particularly relevant in systems
with inhomogeneous long-range forces.
We believe that the soliton-like structures described in this paper, which es-
sentially are extended objects with internal (shape) mode oscillations, can play
an important role in both Particle Physics and Condensed Matter Theory.
M. A. Garc´ıa-N˜ustes thanks the financial support of FONDECYT project
11130450.
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